The standard parabolic equation is used to simulate the far-field, low-frequency sound propagation over ground with mild range-varying topography. The atmosphere has a lower layer with a general, variable index of refraction. An unbounded upper layer with a squared refractive index varying linearly with height is considered and modeled by the nonlocal boundary condition of Dawson, Brooke and Thomson.
Introduction
Parabolic equations, obtained as paraxial approximations of the Helmholtz equation in cylindrical coordinates, have been extensively used to model far-field sound propagation in the atmosphere, at low-frequencies. The applicability of parabolic equation models to the simulation of sound propagation in the atmosphere originates from their ability to incorporate the basic characteristics of the atmospheric sound propagation 2,3 like atmospheric absorption, effects of the ground surface and refractive sound speed. The standard narrow-angle (Tappert's) 4 and wide-angle (Claerbout's) 5 parabolic equations, both widely used to model sound propagation in the sea, have been successfully applied to model sound propagation in axially symmetric atmospheric environments.
Various finite difference and finite element methods have been employed for the discretization of the parabolic equation models for sound propagation in a refracting atmosphere over a flat ground. Implicit finite differences have been used in Refs. 6, 7 and 8, which are analog to those used in the context of underwater acoustics in Ref. 5 . Finite element techniques have been used in Refs. 9 and 10, where sound propagation over a horizontal ground is simulated using the wide-angle parabolic equation. Split-step Fourier discretization methods, using the Green's function of the standard parabolic equation, have been proposed in Refs. 11 and 12. Other approaches to the modeling of sound propagation in the atmosphere, like the geometrical acoustics 2 and fast-field techniques 13, 14 are also used in practice with success. Nonetheless, the applicability of these methods is limited to a homogeneous atmosphere over horizontal ground. They are unable to account for atmospheric refraction and ground irregularities.
A practical need in aeroacoustics modeling has been the development of numerical techniques able to deal with ground irregularities, i.e. which can handle efficiently variable grids and the boundary conditions applied at the ground surface. Propagation in waveguides with irregular boundaries has been encountered in the context of parabolic equation modeling of sound waves in the sea, over an irregular bottom, and of atmospheric radar applications over irregular ground. Reference 5 introduces an implicit finite difference method with variable range steps, so that the grid in the depth direction adapts to bottom variations, to discretize the standard and wide-angle parabolic equations of underwater acoustics. In Ref. 15 , underwater sound propagation is simulated numerically by applying a finite element method coupled with a transformation of coordinates, to the standard parabolic equation. A finite element method coupled with an analog transformation of coordinates has been used for the numerical solution of the three-dimensional parabolic equation in underwater acoustics in Ref. 16 . In Ref. 17, the finite difference method of Ref. 5 has been used for the numerical simulation of electromagnetic waves propagation described by the standard parabolic equation. A split-step method coupled with a transformation of coordinates has been used in Ref. 18 in the same context.
The method of Ref. 5, modified suitably, has been used in Refs. 19 and 20 for the numerical simulation of the propagation of sound in the atmosphere over irregular terrain, described by parabolic equations. In the case of sound waves in the atmosphere, their interaction with the ground surface, which most often is considered as locally reacting, is modelled as a Robin, mixed boundary condition (in contrast to the simple Dirichlet boundary condition posed at the sea bottom or the earth surface in underwater acoustics, or electromagnetic waves, respectively) and requires a delicate treatment. This difficulty is overcome in Refs. 21 and 22 using a transformation of coordinates applied to the standard parabolic equation used for simulation of sound propagation over irregular terrain, and the transformed initial-boundary value problem is discretized by a finite element method.
A substantial issue in the computations is the effective numerical treatment of the outgoing radiation condition in height. Nonlocal transparent boundary conditions have been used as an alternative to using absorbing layers 9, 6, 11, 12 or local absorbing boundary conditions. 21 They emerge as integral maps, on an artificial upper boundary, of the exterior wave field in a homogeneous, nonrefracting atmosphere, cf. Refs. 7, 8 and 22. In the latter case, the significant reduction of the computational domain allows for a lower computational cost even at the additional expense of discretizing the nonlocal condition. Nonlocal conditions of integral type for the parabolic equations, derived from representations of the exterior wave field in unbounded domains with constant index of refraction, have their origin in underwater acoustics, cf. Refs. 23 and 24.
An upper, unbounded atmospheric layer with an index of refraction which when squared varies linearly with height, has been considered in the same context and towards a more realistic description of the atmosphere. The associated nonlocal boundary condition has been derived in Refs. 1 and 25-27 under the assumption that in the unbounded fluid layer propagation is restricted in a narrow angle, and therefore efficiently modelled by the standard parabolic equation. This nonlocal condition is appropriate when the standard parabolic equation is used as the governing equation in the computational domain. In Ref. 1 the case of an unbounded fluid layer is further considered which supports propagation in wider-angles of propagation, described by the Claerbout's wide-angle parabolic equation. The corresponding nonlocal boundary condition is derived and used in association with a wide-angle parabolic equation description of the wave field in the computational domain.
In this paper we consider the problem of the numerical simulation of sound waves propagation in the atmosphere, over a ground with mild variations in range, using the standard parabolic equation. The environment is assumed axially symmetric, therefore the computational domain is two dimensional with coordinates physically corresponding to range (r) and height (z). We revisit the finite element/transformation of coordinates method employed in Ref. 22 for the numerical solution of the standard parabolic equation in a waveguide with irregular lower boundary. In Ref. 22 a nonlocal condition was considered which accounts for the exterior field in an atmosphere with constant index of refraction. In the current work this nonlocal condition is replaced by the associated nonlocal condition of Dowson, Brooke and Thomson, 1 which handles an exterior domain with linearly varying squared index of refraction. The initial-boundary value problem for the standard parabolic equation and the finite element/transformation of coordinates method used for the space discretization will be described in Sec. 2. In Sec. 3 the nonlocal boundary condition will be presented and discretized. The Crank-Nicolson scheme will be employed for advancing in range the semidiscrete, finite element solution. The discrete nonlocal boundary condition is then incorporated in the range-stepping scheme. An important advantage of the finite element/transformation of coordinates technique 22 in this case is that in the transformed initial-boundary value problem the nonlocal condition appears unaffected. In Sec. 4 we implement the new method on examples of sound propagation over irregular ground, where the upper atmospheric layer has a linear squared index of refraction.
The Finite Element/Transformation of Coordinates Method
In this section we first specify the initial-boundary value problem for the standard parabolic equation that describes sound propagation in the atmosphere, over irregular ground. Then we apply the transformation of coordinates, which defines an appropriate curvilinear coordinate system (in range and height) that fits the variable lower boundary of the physical domain. The resulting computational domain is rectangular and the finite element solution is advanced in range on a fixed grid in the height variable. Finally, the transformed initialboundary value problem, which has additional lower order terms and range-varying coefficients in the differential equation, is discretized in the height variable z. The finite element method of Ref. 22 with continuous, piecewise linear functions, is used.
The cylindrical coordinates (z, r), with r the horizontal range (distance) from the origin, and z the height (increasing upwards) are used.
be the index of refraction, z T the height above which η 2 is linear, c(z, r) the speed of sound in the atmosphere, and k 0 = 2πf /c 0 a reference wave number associated with a reference sound speed c 0 in the atmosphere. Further, letẐ be the (complex) specific ground impedance 28 and z = s(r), r ≥ 0, the range-varying ground topography. The standard parabolic equation
is considered, supplied with the boundary conditions 22
along the ground, whereṡ denotes the derivative of s with respect to r, and
along the artificial boundary placed at z = z T (the integral operator L to be specified via the nonlocal boundary condition of Dawson, Brooke and Thomson 1 in the next section) and the initial condition
with ζ specified so that the boundary condition (2.2) is satisfied. The initial-boundary value problem (2.1)-(2.4) describes axially symmetric propagation of sound waves in the atmosphere, above ground with irregular topography described by the curve z = s(r), and generated by a harmonic source of frequency f , placed at the origin (r = 0), at a height
The first step of the finite element/transformation of coordinates method consists of the definition of the appropriate curvilinear coordinates system where the computational domain becomes rectangular. This curvilinear coordinates system (z , r) is defined by
for some z * such that s(r) ≤ z * ≤ z T , for r ≥ 0. The choice of z * is arbitrary within the limits specified. It is used only to introduce an artificial interface, above which the change of variable degenerates to identity. This is important since the nonlocal boundary condition (2.3) appears in the transformed problem in the same form. In the new curvilinear coordinates system (the prime is dropped for simplicity), a complex-valued function u(z, r),
along with the interface condition
where ε(r) = (z * − s(r))/z * , the boundary conditions
, and the initial condition
A detailed description of the derivation of the initial-boundary value problem (2.6)-(2.10) is given in Ref. 22 . The second step of the proposed method is the discretization in depth of the transformed problem given by (2.6)-(2.10). The initial-boundary value problem (2.6)-(2.10) is discretized in the z variable using a Galerkin-finite-element method. For this purpose, a partition (not
Here z 0 = 0, z M = z T , and z = z * , for some 1 ≤ ≤ M , and h = max 1≤j≤M (z j − z j−1 ). The associated finite element space is defined by 
respectively, ϕ j (z ) = 0, for j = , and ϕ j (z j ) = 1. Using the r-dependent weighted L 2 -inner product
to the solution u of (2.6)-(2.10), is defined by the system of ordinary differential equations
whereφ h is the projection ofφ on Q h with respect to the inner product ·, · . The third and last step of the finite element/transformation of variables method includes the coupling of the semidiscrete problem (2.12) with the nonlocal boundary condition (2.9) and the application of a range-discretization method to derive the fully discrete scheme. It will be shown in the subsequent section.
The Nonlocal Boundary Condition and the Range-Stepping Scheme
In this section the nonlocal boundary condition of Dowson, Brooke and Thomson 1 will be used as the boundary condition (2.3). It is derived by using the standard parabolic equation to model the (exterior) acoustic field in an unbounded fluid layer, with a squared index of refraction which is a linear function of z.
In the exterior domain z ≥ z T , r ≥ 0, an index of refraction is considered such that
with ν and µ real constants. The associated sound speed is 
with
e snr s n .
Ai(ξ) is the first Airy function, and {a n , n = 1, 2, . . .} the poles of Yi(ξ), so that
In order to incorporate the nonlocal condition (3.3) in (2.12), the former is discretized properly. For a maximum range of propagation R > 0, and an integer N , a range step k > 0 is selected, so that R = Nk, and r n = nk, are defined for n = 0, . . . , N. For n = 1, . . . , N, (3.3) and (2.3) yield
a A Taylor expansion gives
i.e. the sound speed behaves almost as a linear function of z, at the proximity of the artificial interface z = z T , as this is approached from above.
Setting, as in Ref. 1,
Q j = k 1 0 w((j − s)k)ds = ρσ kYi(a * ) + 1 τ (q(r j ) − q(r j−1 )) , with q(r) = ∞ m=1 e smr s 2 m ,(3.
4) is equivalently written as
which after rearrangement becomes
Assuming that (3.5) is valid for z ∈ (z M −1 , z T ), by multiplying with e −Q 1 z/k , using the chain rule and integrating, the following discrete analog of (3.
where
It is observed then that (3.6) is applied as a boundary condition of the constrained type, which eliminates U n M from (2.12) by substituting it with U n M −1 and the history term Ω n−1 .
and ξ j (r) = αa(r)δ j (r), j = 1, 2.
For convenience set T h (r) = −S h (r)+B h (r)−iΓ h (r) and t h (r) = −s h (r)+β h (r)−iγ h (r). The Crank-Nicolson scheme applied to discretize (3.7), defines approximations U n to U(r n ) and U n M to U M (r n ), for n = 0, . . . , N − 1, satisfying 22
with b
Using (3.6) to eliminate U n+1 M , (3.8) is equivalently written as
and represents an (M − 1) × (M − 1) linear system for the unknown vector
It corresponds to one range step of the fully discrete scheme which will be referred to in the next section as the FECN2L method (where "2" stands for axi-symmetric (two-dimensional) propagation and "L" for the "linear square index of refraction").
Numerical Results
In this section examples from the testing of the FECN2L method on several test problems of acoustic propagation in the atmosphere are presented, that in the upper atmospheric layer have an index of refraction which when squared is a linear function of z. The FECN2L method (implemented in a FORTRAN program) was first validated in some rangeindependent cases, with horizontal ground topography, and linear squared refractive index in the upper atmospheric layer. For these test cases a reference solution was produced by the range-independent version of OASES, a seismo-acoustic program (upgrade of SAFARI) based on wave number integration techniques and which provides full-wave approximate solutions for propagation in general, range-dependent environments. 29, 30 Benchmark test problems for propagation over irregular ground are not available in general. The test cases with variable ground topography considered here, were constructed from the rangeindependent test cases used for the validation of FECN2L, by varying the ground surface topography with range. For the test cases with variable ground topography we do not have reference solutions. Nevertheless, it is expected that the fidelity of the FECN2L method is not deteriorated by this consideration. Acoustic propagation in an atmosphere with density ρ = 0.0012 g/cm 3 and zero attenuation is considered. In the following test cases z T = 100 m, and the sound speed for z ≥ z T is given by (3.2) with ν = 0. The sound speed for 0 ≤ z ≤ z T and µ in (3.2) will be defined for each test case separately. The sound source has frequency f = 40 Hz and is placed at a height of z S = 20 m. The specific ground impedance is taken equal toẐ = 31.4 − 38.5i in (2.8), as suggested in Ref. 24 . The reference sound speed is set equal to c 0 = 342 m/sec. The artificial interface is placed at z * = 50 m. We compute up to a range R = 5 km. In all the OASES runs shown below, the boundary condition (2.8) was simulated by a uniform half-space for z < 0, with sound speed 33 m/sec, density 0.9433 g/cm 3 , and attenuation 66.92 dB/wavelength. 24 It was observed in the numerical experiments performed, that different but within the valid limits choices of z * , do not affect the computation, as was expected by the theoretical setting of the method. Constant steps of 1 m both in height and range have been used, in the transformed (rectangular) domain, for the runs of FECN2L. The receiver was placed at a height of 30 m for the propagation loss versus range plots shown below.
Test Case 1.
The ground surface is assumed to be horizontal, i.e. s(r) = 0, for r ≥ 0. The constant sound speed is c = 342 m/sec, for 0 ≤ z ≤ 100 m, and µ = 0.00075. This is the case of an atmosphere with a homogeneous, nonrefracting lower layer and an upward refracting upper one. In Fig. 1 the results of FECN2L are compared with the corresponding results from OASES, given in the form of propagation loss versus range plots. Both results are in accordance. In Fig. 2 the contour plot of the results from FECN2L is shown.
Test Case 2.
All the parameters involved in the calculation are the same as in Test Case 1, except that the sound speed for 0 ≤ z ≤ z T is now c(z) = 330 + 0.12z m/sec. This is the case of an atmosphere with a downward refracting lower and an upward refracting upper layers. In Fig. 3 the results of FECN2L are shown; they compare successfully with the corresponding results from OASES, given in the form of propagation loss versus range plots. In Fig. 4 the contour plot of the results from FECN2L is shown.
Comparisons of the propagation loss obtained by FECN2L and OASES at different receiver heights were further performed, but not shown here, for Test Cases 1 and 2. In these comparisons both results were also in accordance. In Test Cases 1 and 2, the full-field solution provided by OASES matches well with the narrow-angle solution provided by FECN2L. This happens because upward refraction in the upper layer prevent high-angle modes to interact with boundaries and therefore the narrow angle of propagation is preserved while advancing in range. Test Case 3. All the parameters involved in the calculation are the same as in Test Case 1, except that µ = −0.00075 in the sound speed definition (3.2) for z > z T . This is the case of an atmosphere with a nonrefracting lower and a downward refracting upper layer. In Fig. 5 the results of FECN2L are shown, compared with the corresponding results from OASES, given in the form of propagation loss versus range plots. In this Test Case, the full-field solution provided by OASES does not match with the narrow-angle solution of FECN2L beyond a certain range. Downward refraction in the upper layer develops a wide-angle of propagation beyond the range of 2 km, and the standard parabolic equation description of the acoustic field used by FECN2L, is inappropriate. However, for ranges shorter than 2 km both results are almost identical. Comparisons of the propagation loss from both codes at different receiver heights were also performed and showed the same behavior.
Test Case 4.
All the parameters involved in the calculation are the same as in Test Case 2, except that µ = −0.00075 in the sound speed definition (3.2) for z > z T . This is the case of an atmosphere with downward refracting lower and upper layers. In Fig. 6 we show the results of FECN2L compared with the corresponding results from OASES, given in the form of propagation loss versus range plots. The same situation as in Test Case 3 occurs. However, again for ranges shorter than about 2 km, beyond which the propagation develops to a wide-angle one, both result compare well. It should be noted that in this specific case, the angle of propagation beyond 2 km is not so wide, as is seen from the conservation of the general pattern of the OASES solution by that of FECN2L, even at the presence of spurious oscillations and some phase error. Note that the results of FECN2L for this test case (as well as for Test Case 3) require about 500 terms to guarantee convergence in the series expansions related to the functions Ai and Yi used for the calculation of the integral kernel in (3.3). In the associated expansions in Test Cases 1 and 2 about 100 terms were enough to guarantee convergence.
Test Case 5.
A range-varying ground surface with s(r) = 5 + 5 sin(π(r − 500)/1000), for r ≥ 0, is considered while all other parameters are as in Test Case 2 (downward refracting lower and upward refracting upper layer). In Fig. 7 the contour of the propagation loss provided by FECN2L is shown.
Conclusions
A finite element technique for the numerical solution of the standard parabolic equation in an axially symmetric environment over irregular ground is coupled with the nonlocal boundary condition of Ref. 1 which accounts for an upper atmospheric layer with a squared index of refraction varying linearly with height. The discretization technique is based on the finite element/transformation of coordinates method of Ref. 22 . It transforms the initialboundary value problem to one in an orthogonal curvilinear coordinate system first, and then discretize it in the height variable using piecewise linear finite elements and in the range variable using a Crank-Nicolson scheme. The nonlocal condition is discretized and coupled with the two stages of the numerical solution method. Using the nonlocal boundary condition for an inhomogeneous upper atmospheric layer (rather than that for a homogeneous exterior layer 22 ), yields a better representation of the effects of the atmosphere above the domain of interest. It is put forth in this paper, after a thought testing of which extracts are shown here, that the method is appropriate for the numerical simulation of narrow-angle atmospheric sound propagation over irregular ground, in an atmosphere with a linear squared index of refraction above a certain height. Work is currently in progress to couple the nonlocal boundary derived by using the wideangle parabolic equation as governing equation in the exterior domain, with the standard parabolic equation to describe the acoustic field in the computational domain. It is a subject for investigation whether when wide-angle propagation develops (like in Test Cases 3 and 4) and this is due to downward refraction mostly from the exterior layer, simulations thus obtained will be more accurate.
